
Received: 17 May 2021 Revised: 29 August 2022 Accepted: 31 August 2022

DOI: 10.1002/sim.9573

R E S E A R C H A R T I C L E

Marginal semiparametric transformation models for
clustered multivariate competing risks data

Yizeng He1 Soyoung Kim1 Lu Mao2 Kwang Woo Ahn1

1Division of Biostatistics, Medical College
of Wisconsin, Milwaukee, Wisconsin, USA
2Department of Biostatistics and Medical
Informatics, University of
Wisconsin-Madison, Madison, Wisconsin,
USA

Correspondence
Kwang Woo Ahn, Division of Biostatistics,
Medical College of Wisconsin,
Milwaukee, WI, USA.
Email: kwooahn@mcw.edu

Funding information
Advancing a Healthier Wisconsin
Endowment, Grant/Award Number:
5520569; National Cancer Institute,
Grant/Award Number: U24CA076518;
National Heart, Lung, and Blood Institute,
Grant/Award Number: R01HL149875

Multivariate survival models are often used in studying multiple outcomes for
right-censored data. However, the outcomes of interest often have competing
risks, where standard multivariate survival models may lead to invalid infer-
ences. For example, patients who had stem cell transplantation may experience
multiple types of infections after transplant while reconstituting their immune
system, where death without experiencing infections is a competing risk for
infections. Such competing risks data often suffer from cluster effects due to a
matched pair design or correlation within study centers. The cumulative inci-
dence function (CIF) is widely used to summarize competing risks outcomes.
Thus, it is often of interest to study direct covariate effects on the CIF. Most lit-
erature on clustered competing risks data analyses is limited to the univariate
proportional subdistribution hazards model with inverse probability censor-
ing weighting which requires correctly specifying the censoring distribution.
We propose a marginal semiparametric transformation model for multivari-
ate competing risks outcomes. The proposed model does not require modeling
the censoring distribution, accommodates nonproportional subdistribution haz-
ards structure, and provides a platform for joint inference of all causes and
outcomes.
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1 INTRODUCTION

The need for multivariate outcome model for right-censored data arises when studying multiple correlated outcomes. For
example, the Busselton Health Study1,2 aims to evaluate the association between bivariate survival outcomes (coronary
heart disease and stroke) and their risk factors. Such multivariate right-censored outcomes often have competing risks.
Ballen et al3 studied fungal and bacterial infections of acute leukemia patients who had hematopoietic cell transplanta-
tion (HCT). In their study, patients experienced multiple types of infections after transplant. Due to receiving extensive
treatment procedures and the disease severity, patients may die before getting an infection. Thus, infections and death
prior to infections are competing risks. We refer to such right-censored data with competing risks and multiple outcomes
of interests as multivariate competing risks data in this article. Multivariate competing risks data occur when a subject can
experience multiple time-to-event outcomes simultaneously, but each outcome has multiple competing causes.4 Using
multivariate survival models for multivariate competing risks data may lead to biased results due to informative censor-
ing. When studying multiple infections after HCT, clinicians are often interested in evaluating drugs or treatments on
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preventing patients from experiencing multiple infections. Thus, jointly modeling multiple infections would reveal the
difference in treatment effects on various infections. In addition, competing risks data often have a cluster effect due to
correlation within study centers,3 matched pairs,5 and/or families. Failing to adjust for a cluster effect leads to invalid
statistical inference.

There is a rich literature on “univariate” competing risks analysis, which evaluates risk factors for a single outcome
having competing causes, for example, fungal infection and death without experiencing a fungal infection in HCT studies.
Prentice et al6 proposed a proportional cause-specific hazards model. It estimates covariate effects on the rate of experi-
encing a specific cause for a patient who has not experienced any causes. It can also evaluate internal time-dependent
covariate effects. However, it does not evaluate direct covariate effects on the cumulative incidence function (CIF), which
is widely used to summarize competing risks outcomes. Thus, its analysis results are not necessarily consistent with
cumulative incidence curves, which may cause confusion among clinicians. Therefore, estimating direct covariate effects
on the CIF is often of interest. To do so, the Fine-Gray model, a direct binomial modeling, and a pseudo-value approach
have been proposed for independent or clustered competing risks data.7-13 These methods require modeling of the censor-
ing distribution to compute the inverse probability censoring weight. Thus, if the censoring distribution is misspecified,
the statistical inference could be invalid. In addition, joint inference on multiple causes is not provided. To overcome
these limitations, Mao and Lin14 proposed an efficient semiparametric transformation model based on the nonparametric
maximum likelihood estimator for independent competing risks data. Their model directly examines covariate effects on
the CIFs of all causes, does not require modeling of the censoring distribution, and jointly models all causes. Besides, it
accommodates general transformation models including both proportional and nonproportional subdistribution hazards
structures as special cases. Bellach et al15 proposed a different semiparametric transformation model to directly model
the CIF, but like many existing methods, it requires modeling of the censoring distribution and does not provide joint
inference on multiple causes.

Despite a rich literature on the univariate competing risks analysis, the literature on joint modeling for multivariate
competing risks data remains limited. Wohlfahrt et al4 used a Poisson regression with piecewise constant baseline rates
to fit cause-specific hazard rates for multivariate competing risks data. However, their Poisson regression model cannot
accommodate for clustered multivariate competing risks data.

In this article, we propose marginal semiparametric transformation models to address the modeling need for
clustered multivariate competing risks data, motivated by Ballen et al.3 We generalize the semiparametric transfor-
mation models of Mao and Lin14 to clustered multivariate competing risks data. Under the independence working
assumption, we construct a pseudo-likelihood to estimate the model parameters. Like the generalized estimating
equations (GEE),16 the proposed method is valid and robust even when the independence working assumption does not
hold. We propose a sandwich estimator for the covariance matrix of parameter estimates. We then conduct simulation
studies to assess the performance of the proposed models, followed by the analysis of the motivating clinical study by
Ballen et al.3

2 METHOD

2.1 Data, model, and pseudo-likelihood

Assume we have H different types of outcomes indexed by h ∈ {1, … ,H}. Assume there are K causes 𝜖 ∈ {1, … ,K}
for each outcome type without loss of generality. For the infection study of Ballen et al,3 H = 2: (i) fungal infection and
death prior to fungal infection and (ii) bacterial infection and death prior to bacterial infection. And for each infection,
there are two competing events (K = 2). Assume there are n clusters and cluster i has ni individuals, with each individual
indexed by j ∈ {1, … ,ni}. We assume K is fixed and ni’s are bounded. Let Tijh, Cijh, 𝜖ijh, and Zijh = (Zijh1, … ,Zijhp)T be
the event time, censoring time, cause of failure, and time-independent or time-dependent external covariate of individual
j in cluster i for outcome type h, respectively, for i = 1, … ,n, j = 1, … ,ni, and h = 1, … ,H. We suppress Zijh’s potential
time dependence for simplicity.

Let Ti = {Tijh, j = 1, … ,ni, h = 1, … ,H},Ci = {Cijh, j = 1, … ,ni, h = 1, … ,H}, 𝝐i = {𝜖ijh, j = 1, … ,ni, h = 1, … ,

H}, and Zi = {Zijh, j = 1, … ,ni, h = 1, … ,H}. Assume (Ti, 𝝐i,Ci,Zi) are independent and identically distributed. We
assume the (Ti, 𝝐i)’s are independent of the Ci’s given Zi for i = 1, … ,n. Let Xijh = Tijh ∧ Cijh be the observed time and
Δijh = I(Tijh ≤ Cijh)𝜖ijh, where a ∧ b = min(a, b). Let Fkh(t|Zijh) = P(Tijh ≤ t, 𝜖ijh = k|Zijh) be the cumulative incidence of
cause k at time t given Zijh for outcome type h. Define the subdistribution hazard of cause k for outcome type h given
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variable Zijh to be 𝜆kh(t|Zijh) = −d[log{1 − Fkh(t|Zijh)}]∕dt. Then, Fkh(t|Zijh) = 1 − exp{−Λkh(t|Zijh)}, where Λkh(t|Zijh) =
∫

t
0 𝜆kh(u|Zijh)du. Similarly to Mao and Lin,14 we consider

Λkh(t|Zijh) = Gkh

{

∫

t

0
exp(𝜷T

khZijh)dΛkh(u)
}

, (1)

where 𝜷kh = (𝛽kh1, … , 𝛽khp)T is a parameter vector, Gkh is a known increasing function, and Λkh(t) is an arbitrary
increasing function. The Λkh(t)’s are infinite dimensional parameters. The class of Box-Cox transformations or the
class of logarithmic transformations can be candidates for Gkh,17 where the proportional subdistribution hazards model
and the proportional subdistribution odds model are special cases by choosing Gkh(x) = x and Gkh(x) = log(1 + x),
respectively.

Define 𝜷 = (𝜷T
11, … , 𝜷

T
KH)T and 𝚲 = (𝚲T

11, … ,𝚲T
KH)T , where 𝚲kh consists of Λkh(t)’s. Under an independence work-

ing assumption, we propose the following pseudo-likelihood function for clustered multivariate competing risks
data:

L(𝜷,Λ) =
n∏

i=1

ni∏

j=1

H∏

h=1

⎡
⎢
⎢
⎣

K∏

k=1
F′kh(Xijh|Zijh, 𝜷,𝚲)I(Δijh=k)

{

1 −
K∑

k=1
Fkh(Xijh|Zijh, 𝜷,𝚲)

}I(Δijh=0)⎤
⎥
⎥
⎦

, (2)

where f ′(x) = df (x)∕dx for a function f .

2.2 Algorithm

To obtain the nonparametric maximum pseudo-likelihood estimator (NPMPLE), we treat Λkh as a right continuous step
function with jump size Λkh{t} at time t ∈ [0, 𝜏]. Then, maximizing (2) with respect to 𝜷 and Λkh{Xij} for Δijh = k,
k = 1, … ,K, h = 1, … ,H can be implemented for each outcome type through optimization algorithms as described
in Zeng and Lin.17 For time-independent covariates, we can use the explicit algorithm of Mao and Lin14 and apply
it to each outcome type. To elaborate the algorithm, let tkh1 < · · · < tkhqkh be the distinct failure times of cause k
within outcome type h, where qkh is the number of cause k events within outcome type h. Denote dkhr = Λkh{tkhr} for
r = 1, … , qkh, k = 1, … ,K, and h = 1, … ,H. Let th1 < · · · < thq be the distinct failure times regardless of causes with
th,q+1 = ∞ and let 𝛿h1, … , 𝛿hq and dh1, … , dhq be the corresponding causes and jump sizes, respectively, for outcome
type h.

Define Λkhr =
∑r

a=1I(𝛿ha = k)dha and Λ(khr) =
∑r

a=1dkha. Denote Hkh = log(G′
kh) − Gkh and Z(khr) the covariate vec-

tor for the subject having the kth cause of failure of outcome type h at time tkhr. Once we take the derivative of the
pseudo-log-likelihood of (2) with respect to dkh,r and set that derivative to zero, we obtain the following relationship:

d−1
kh,r+1 = d−1

kh,r + e𝜷
T
khZ(khr)H′

kh(e
𝜷

T
khZ(khr)Λ(khr))

−
∑

tkhr<ta<tkh,r+1

∑

tha≤Xijh<th,a+1

I(Cijh < Tijh)
exp{𝜷T

khZijh +Hkh(e𝜷
T
khZijhΛkha)}

∑K
k=1 exp{−Gkh(e𝜷

T
khZijhΛkha)} − K + 1

. (3)

Let 𝛼kh = dkh1, 𝜶 = (𝛼11, … , 𝛼KH)T , and 𝜽 = (𝜷T
,𝜶

T)T . Define the pseudo-log-likelihood function 𝓁(𝜷,Λ) =
log L(𝜷,Λ). Then, ̂Λ(𝜽) = argmaxΛ𝓁(𝜽,Λ) can be obtained by using Algorithm (3) for each outcome. The pseudo-profile
log-likelihood 𝓁p(𝜽) = log L(𝜽, ̂Λ(𝜽)) can be computed as well. The Newton-Raphson algorithm can be used to obtain the
NPMPLE of 𝜽, denoted by ̂𝜽. We set the initial values of 𝜷 and 𝛼kh to 0 and 1∕qkh, respectively. The proposed algorithm
worked proficiently in our simulation studies in Section 3.

2.3 Covariance estimator

Because the proposed pseudo-likelihood is not the true likelihood, one cannot use the inverse matrix of the informa-
tion matrix for 𝜷 and nonzero dkr’s to estimate the covariance matrix of their estimators. Similarly, one cannot use the

 10970258, 2022, 26, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/sim

.9573 by U
FPR

 - U
niversidade Federal do Parana, W

iley O
nline L

ibrary on [12/12/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



5352 HE et al.

negative second derivative of the pseudo-profile log-likelihood function to estimate the covariance matrix of ̂𝜽. Here,
we propose a sandwich variance estimator to estimate the covariance matrix of ̂𝜷 and ̂𝚲. To obtain the sandwich vari-
ance estimator, we treat the score equation based on the first derivative of the log-pseudo-likelihood function as the
estimating equation similarly to GEE. Thus, it is robust to true correlation structure of outcomes and clusters misspeci-
fication.18 Let the first and the second derivative of 𝓁(𝜷,𝚲) with respect to 𝜷 and 𝚲 be U(𝜷,𝚲) and I(𝜷,𝚲), respectively.
We also define the first and the second derivative of the pseudo-profile log-likelihood, 𝓁p(𝜽) with respect to 𝜽 as Up(𝜽)
and Ip(𝜽), respectively. Let Cov(A) be the covariance matrix of A. To estimate the covariance matrix of the parameter
estimates, we propose the following sandwich variance estimators for the pseudo-log-likelihood and the pseudo-profile
log-likelihood:

{I(̂𝜷, ̂𝚲)}−1
̂Cov{U(𝜷0,𝚲0)}{I(̂𝜷, ̂𝚲)}−1

, {Ip(̂𝜽)}−1
̂Cov{Up(𝜽0)}{Ip(̂𝜽)}−1

,

respectively, where 𝜷0, 𝚲0, and 𝜽0 are the true parameters of 𝜷, 𝚲, and 𝜽, respectively. The first derivatives
U(𝜷0,𝚲0) and Up(𝜽0) are the sum of n independent mean zero terms. To estimate Cov{U(𝜷0,𝚲0)} and Cov{Up(𝜽0)},
define U(𝜷,𝚲) = ∑n

i=1
∑ni

j=1
∑H

h=1Uijh(𝜷,𝚲) and Up(𝜽) =
∑n

i=1
∑ni

j=1
∑H

h=1Uijh,p(𝜽). Write Ui(𝜷,𝚲) =
∑ni

j=1
∑H

h=1Uijh(𝜷,𝚲) and
Ui,p(𝜽) =

∑ni
j=1

∑H
h=1Uijh,p(𝜽). Then, ̂Cov{U(𝜷0,𝚲0)} and ̂Cov{Up(𝜽0)} can be obtained by

∑n
i=1Ui(̂𝜷, ̂𝚲)Ui(̂𝜷, ̂𝚲)T and

∑n
i=1Ui,p(̂𝜽)Ui,p(̂𝜽)T , respectively.

2.4 Asymptotic property

In this section, we study the asymptotic properties of the proposed estimator. We impose the following regularity
conditions:

Condition 1. The true value of the p-dimensioned 𝜷, lies in the interior of a compact subset of the Euclidean space Rp.
The true value of 𝚲kh, denoted as 𝚲kh0, is continuously differentiable with 𝚲′kh0 > 0 on [0, 𝜏] for some constant 𝜏 > 0.

Condition 2. The components of Z(.) are uniformly bounded and have bound total variation with probability 1. If
𝜷
⊺
khZ(t) = d(t) almost surely for some constant function d for all t ∈ [0, 𝜏], then 𝜷kh = 0 and d(t) = 0 for k = 1, … ,K, and

h = 1, … ,H.

Condition 3. There is a constant 𝛿0 such that Pr(Th ≥ 𝜏|Z) ≥ 𝛿0 > 0 and Pr(Ch ≥ 𝜏|Z) = Pr(Ch = 𝜏|Z) ≥ 𝛿0 > 0 with
probability 1 for h = 1, … ,H.

Condition 4. The function Gkh is four-times differentiable with Gkh(0) = 0 and G′
kh(x) > 0. And for any c0 > 0,

lim supx→∞
[
{Gkh(c0x)}−1 log

{
x supy≤x G′

kh(y)
}]
= 0.

Conditions 1 to 4 are similar to Conditions 1 to 4 of Mao and Lin.14 We extend Conditions 1 to 4 of Mao and Lin14

to our multivariate competing risks setting. Conditions 1 to 3 are standard conditions for right-censored data analysis.
Condition 4 is satisfied by both the Box-Cox and logarithmic transformations (see Mao and Lin14 for more details).

Theorem 1 (Consistency). Under Conditions 1 to 4, ̂𝜷 and ̂𝚲kh(k = 1, … ,K, h = 1, … ,H) are strongly consistent. In
other words,

||̂𝜷 − 𝜷0|| + sup
t∈[0,𝜏]

K∑

k=1

H∑

h=1
|̂𝚲kh(t) − 𝚲kh0(t)| → 0

almost surely, where ||.|| denotes the Euclidean norm.

Theorem 2 (Asymptotic normality). Under the regularity conditions,
√

n(̂𝜷 − 𝜷0,
̂𝚲 − 𝚲0) converges weakly to a

zero-mean Gaussian process.

Theorem 2 implies
√

n(̂𝜷 − 𝜷0) and
√

n(̂𝚲 − 𝚲0) converge to a multivariate zero-mean normal distribution and a
multivariate zero-mean Gaussian process on [0, 𝜏]⊗KH : the KH-produce space of [0, 𝜏]. Confidence intervals for 𝛽kh and
Λkh(t) can be obtained using the normal approximation with the sandwich variance estimator. Theorem 1 can be shown
similarly to Mao and Lin14 due to the independence working assumption. Thus, we omit its proof. The proof of Theorem 2
is provided in the Appendix.
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3 SIMULATIONS

In this section, we assess the performance of the proposed methods by extensive Monte Carlo (MC) simulation studies.
Consider H = 2 outcome types, each with K = 2 competing risks. For each outcome type, we generate clustered competing
risks data using the positive stable frailty model:13

F1h(t|𝜔,Z) = 1 − {1 − p(1 − e−t)}𝜔 exp(𝜸⊺hZ)
, F2h(t|𝜔,Z) = (1 − p)𝜔 exp(2)(1 − e−t),

where 0 < p < 1 and the frailty 𝜔 follows the positive stable distribution with parameter 𝛼 = 1 for independent data, and
0.5 for clustered data. Due to the shared 𝜔 among outcome types and subjects within a cluster, all causes and subjects
within a cluster are correlated for 𝛼 = 0.5. We generate n clusters, n = 200, 400, 800, and each cluster has L = 2 subjects.
Two cluster-level covariates Z = (Z1,Z2)⊺ are considered, where Z1 and Z2 follow uniform [0, 1] and the Bernoulli distri-
bution with success probability 0.5, respectively. Because of the Laplace transformations of the standard positive stable
distribution, the true parameters are rescaled according to 𝜷kh = 𝛼𝜸kh.13 For 𝛼 = 0.5, we set 𝜸11 = 𝜸12 = (1, 0)⊺ for cause 1
of both outcome types. For 𝛼 = 1, we set 𝜸11 = 𝜸12 = (0.5, 0)⊺ for cause 1 of both outcome types. Thus, 𝜷11 = 𝜷12 = (0.5, 0)⊺
regardless of 𝛼 values. The model for cause 2 does not depend on any covariates, so the true parameter vector for cause
2 is 𝜷21 = 𝜷22 = (0, 0)T for both outcome types. We choose p = 0.2 to ensure F1h(∞|w,Z) + F2h(∞|w,Z) < 1 regardless of
the values of𝜔 and Z. To guarantee that both cause 1 and 2 follow the subdistribution hazards model, we generate a latent
event cause 3 with the probability 1 − F1h(∞|w,Z) − F2h(∞|w,Z), and set the event times to infinity so that all observa-
tions with cause 3 are censored. We generate censoring time for each cluster from a positive stable frailty proportional
hazard model,19

𝜆c(t|𝜔,Z) = 𝜔c𝜆0c(t) exp(𝜸⊺c Z),

where 𝜸c = (3, 2)⊺ and 𝜆0c = 10−4 for both outcome types. The cluster frailty 𝜔c follows the positive stable distribution
with 𝛼c = 0.5 and 1 for clustered and independent data, respectively. For clustered data (𝛼 = 0.5), the overall probabilities
for cause 1, cause 2, and censoring are approximately 37%, 40%, 23%, respectively for each outcome type. For independent
data (𝛼 = 1), the overall probabilities for cause 1, cause 2, and censoring are approximately 21%, 16%, and 63%, respectively
for outcome types 1 and 2.

For each simulation, we report the average parameter estimates, average standard errors (SE), and coverage rates of the
95% confidence interval from 500 MC simulations. For the proposed method, we explore two modeling structures: treating
the data as clustered and independent. The coverage rate and SE for clustered modeling and independent modeling are
denoted as coveragec and SEc, and coverageI and SEI , respectively.

In the first scenario, we consider clustered data with 𝛼 = 0.5 and compare the proposed method to the proportional
subdistribution hazards (PSH) model of Zhou et al8 when the models for both causes are correctly specified. We use R
package “crrSC”20 to fit Zhou et al.8 Because Zhou et al8 was designed for analyzing one cause of a single outcome type,
we fit four separate models of Zhou et al8 for outcome types 1 and 2. Zhou et al8 is limited to the covariate-independent
censoring. We average over the 500 MC simulations for the mean parameter estimates.

To specify the models for each cause, we use the proposed semiparametric transformation model (1) to jointly model
outcome types 1 and 2 using the form of the proportional subdistribution hazard model,7 Gkh(x) = x, for cause 1 in both
outcome types, and proportional odds model,21 Gkh(x) = log(1 + x), for cause 2 in both outcome types. We report the
simulation results in Table 1. While the estimates of Zhou et al8 are biased due to covariate-dependent censoring, the
estimates from the proposed method are approximately unbiased. In addition, the coverage rates for the 95% confidence
intervals of the proposed method estimator after accounting for clusters are closer to 0.95 than those for the proposed
method treating the data as independent data and that of Zhou et al.8

In addition, we examine the performance of the proposed model on independent data (𝛼 = 1) while assuming the
clustered structure of data. We compare the proposed model to fitting four separate PSH models and report these results
in Table 1. The estimates of the proposed models treating the data as clustered and independent data are approximately
unbiased and their coverage rates are around 0.95 for all parameters. In particular, the coverage rates of the proposed
methods treating the data as clustered and independent data are close. The estimates of the PSH model are biased. The
standard errors produced by the proposed models are only slightly larger than those by the PSH model.

Next, we examine the robustness of the proposed model under misspecified models for cause 1 in both outcome types.
Specifically, we fit the proposed method using the proportional odds model for cause 1 and proportional subdistribution

 10970258, 2022, 26, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/sim

.9573 by U
FPR

 - U
niversidade Federal do Parana, W

iley O
nline L

ibrary on [12/12/2022]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



5354 HE et al.

T A B L E 1 Comparing the estimated coefficients, standard error (SE) and coverage rates of the 95% confidence interval of the
proposed method with Zhou et al8 and PSH7 for clustered (𝛼 = 0.5) and independent data (𝛼 = 1), respectively, from 500 iterations

Outcome type 1 Outcome type 2
𝜷111 𝜷112 𝜷211 𝜷212 𝜷121 𝜷122 𝜷221 𝜷222

n True value 0.5 0 0 0 0.5 0 0 0
𝛼 = 0.5 200 Proposed 0.507 −0.003 0.043 −0.013 0.493 0.004 0.013 −0.026

CoverageC (0.933) (0.919) (0.943) (0.943) (0.939) (0.933) (0.917) (0.955)
SEC 0.345 0.197 0.491 0.280 0.347 0.198 0.493 0.281
CoverageI (0.855) (0.846) (0.879) (0.909) (0.865) (0.873) (0.871) (0.917)
SEI 0.277 0.158 0.421 0.241 0.279 0.159 0.423 0.241
Zhou et al 0.461 −0.020 −0.119 −0.096 0.451 −0.015 −0.132 −0.109
Coverage (0.947) (0.931) (0.945) (0.935) (0.949) (0.947) (0.923) (0.945)
SE 0.353 0.202 0.431 0.249 0.353 0.202 0.431 0.249

400 Proposed 0.504 0.003 −0.008 −0.009 0.503 0.004 0.005 −0.017
CoverageC (0.936) (0.944) (0.942) (0.946) (0.930) (0.952) (0.942) (0.952)
SEC 0.245 0.140 0.348 0.199 0.245 0.140 0.348 0.199
CoverageI (0.862) (0.856) (0.908) (0.906) (0.872) (0.870) (0.894) (0.902)
SEI 0.196 0.112 0.298 0.170 0.196 0.112 0.298 0.170
Zhou et al 0.475 −0.015 −0.138 −0.093 0.473 −0.015 −0.128 −0.101
Coverage (0.936) (0.928) (0.924) (0.902) (0.932) (0.954) (0.906) (0.914)
SE 0.248 0.142 0.304 0.175 0.248 0.142 0.305 0.175

800 Proposed 0.501 0.005 −0.005 −0.005 0.495 0.006 −0.004 −0.009
CoverageC (0.918) (0.944) (0.936) (0.940) (0.926) (0.942) (0.930) (0.966)
SEC 0.173 0.099 0.245 0.140 0.173 0.099 0.246 0.140
CoverageI (0.842) (0.872) (0.882) (0.892) (0.850) (0.886) (0.882) (0.940)
SEI 0.138 0.079 0.210 0.120 0.138 0.079 0.210 0.120
Zhou et al 0.473 −0.014 −0.137 −0.090 0.466 −0.013 −0.133 −0.094
Coverage (0.916) (0.948) (0.898) (0.882) (0.922) (0.952) (0.872) (0.904)
SE 0.175 0.100 0.214 0.124 0.175 0.100 0.215 0.124

𝛼 = 1 200 Proposed 0.484 −0.004 0.10 −0.001 0.509 −0.010 0.028 −0.004
CoverageC (0.948) (0.962) (0.944) (0.944) (0.950) (0.946) (0.950) (0.950)
SEC 0.378 0.215 0.474 0.270 0.381 0.216 0.474 0.269
CoverageI (0.946) (0.968) (0.948) (0.946) (0.956) (0.952) (0.946) (0.952)
SEI 0.381 0.216 0.477 0.271 0.384 0.217 0.476 0.270
PSH 0.447 −0.027 −0.043 −0.032 0.473 −0.033 −0.026 −0.036
Coverage (0.930) (0.960) (0.942) (0.942) (0.952) (0.950) (0.952) (0.952)
SE 0.380 0.216 0.432 0.247 0.383 0.217 0.430 0.245

400 Proposed 0.490 −0.009 0.014 0.006 0.514 −0.007 0.022 0.008
CoverageC (0.934) (0.962) (0.948) (0.956) (0.946) (0.950) (0.936) (0.930)
SEC 0.267 0.152 0.335 0.190 0.268 0.152 0.335 0.190
CoverageI (0.938) (0.962) (0.950) (0.954) (0.946) (0.954) (0.944) (0.932)
SEI 0.268 0.152 0.336 0.190 0.269 0.153 0.336 0.190
PSH 0.453 −0.033 −0.038 −0.025 0.477 −0.030 −0.032 −0.025
Coverage (0.928) (0.968) (0.948) (0.944) (0.944) (0.946) (0.942) (0.930)
SE 0.267 0.152 0.304 0.173 0.268 0.153 0.304 0.173

800 Proposed 0.483 −0.008 0.017 −0.005 0.510 −0.003 0.014 0.000
CoverageC (0.934) (0.960) (0.932) (0.944) (0.956) (0.954) (0.962) (0.926)
SEC 0.189 0.108 0.236 0.134 0.189 0.107 0.237 0.134
CoverageI (0.932) (0.954) (0.942) (0.934) (0.952) (0.934) (0.944) (0.922)
SEI 0.190 0.108 0.237 0.134 0.190 0.107 0.237 0.134
PSH 0.446 −0.031 −0.035 −0.036 0.473 −0.026 −0.040 −0.032
Coverage (0.936) (0.954) (0.944) (0.934) (0.954) (0.934) (0.944) (0.926)
SE 0.189 0.108 0.214 0.122 0.189 0.107 0.215 0.122

Note: For the proposed model, we report results from treating the data as clustered (CoverageC and SEC) and independent (CoverageI and SEI ). The
proposed model while treating the data as clustered and independent share the same estimated coefficients.
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HE et al. 5355

T A B L E 2 Parameter estimate, standard error (SE), and coverage rate of the 95% confidence interval for cause 2 based on the
proposed model or Zhou et al with misspecified model for cause 1 for both outcome types

Outcome type 1 Outcome type 2

𝜷211 𝜷212 𝜷221 𝜷222

n True value 0 0 0 0

200 Proposed 0.041 −0.021 0.030 −0.026

CoverageC (0.913) (0.932) (0.907) (0.952)

SEC 0.419 0.240 0.420 0.241

CoverageI (0.873) (0.901) (0.861) (0.911)

SEI 0.359 0.206 0.361 0.206

Zhou et al −0.122 −0.097 −0.135 −0.107

Coverage (0.944) (0.932) (0.924) (0.946)

SE 0.431 0.250 0.431 0.249

400 Proposed 0.006 −0.014 0.016 −0.020

CoverageC (0.944) (0.954) (0.946) (0.952)

SEC 0.298 0.171 0.299 0.171

CoverageI (0.904) (0.910) (0.892) (0.912)

SEI 0.255 0.146 0.256 0.146

Zhou et al −0.138 −0.093 −0.128 −0.101

Coverage (0.924) (0.902) (0.906) (0.914)

SE 0.304 0.175 0.305 0.175

800 Proposed 0.011 −0.010 0.012 −0.013

CoverageC (0.942) (0.940) (0.934) (0.970)

SEC 0.210 0.121 0.211 0.121

CoverageI (0.870) (0.902) (0.880) (0.940)

SEI 0.180 0.103 0.180 0.103

Zhou et al −0.137 −0.090 −0.133 −0.094

Coverage (0.898) (0.882) (0.872) (0.904)

SE 0.214 0.124 0.215 0.124

Note: We report results from treating the data as clustered (CoverageC and SEC) and independent (CoverageI and SEI ).

model for cause 2 for both outcome types under the same settings of the first scenario (𝛼 = 0.5). Thus, cause 1 is not
correctly specified. Since cause 2 is not covariate-dependent, the models for cause 2 are still correctly specified. We report
the parameter estimates, standard errors, and coverage rates of the correctly specified cause, namely, 𝛽211 and 𝛽212 for
cause 2 of outcome type 1, and 𝛽221 and 𝛽222 for cause 2 of outcome type 2. As shown in Table 2, the bias of the parameter
estimates of the proposed method for cause 2 after accounting for clustered data is small for both outcomes, and their
coverage rates are approximately around 0.95. We also report the results from Zhou et al.8 Their standard errors are in
general higher than the proposed model’s and the coverage rates depart from 0.95 especially as the sample size increases.
These results suggest that the proposed methods are robust against model misspecification under this limited simulation
setting.

We conduct additional simulations when both causes follow the PSH model with nonzero parameters. For each
outcome type, we generate clustered competing risks data using the following PSH model with positive stable
frailty:13

F1h(t|𝜔,Z) = 1 − {1 − p(1 − e−t)}𝜔 exp(𝜸⊺1hZ)
, F2h(t|𝜔,Z) = 1 − {1 − p(1 − e−t)}𝜔 exp(𝜸⊺2hZ)

, 0 < p ≤ 1.
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5356 HE et al.

T A B L E 3 Comparing the estimated coefficients, standard error (SE) and coverage rates of the 95% confidence interval of the proposed
method with Zhou et al8 and PSH7 for clustered (𝛼 = 0.5) and independent data (𝛼 = 1), respectively, from 500 iterations

Outcome type 1 Outcome type 2
𝜷111 𝜷112 𝜷211 𝜷211 𝜷121 𝜷122 𝜷221 𝜷222

n True value 0.300 0.050 0.150 0.100 0.200 −0.100 0.050 −0.100
𝛼 = 0.5 250 Proposed 0.322 0.005 0.106 0.049 0.151 −0.036 0.063 −0.159

CoverageC (0.936) (0.954) (0.952) (0.934) (0.952) (0.932) (0.944) (0.936)
SEC 1.470 1.465 1.489 1.478 1.495 1.485 1.510 1.503
CoverageI (0.892) (0.914) (0.890) (0.872) (0.876) (0.860) (0.878) (0.884)
SEI 1.203 1.199 1.218 1.210 1.221 1.213 1.237 1.228
Zhou et al 0.100 −0.144 −0.121 −0.107 −0.068 −0.185 −0.156 −0.310
Coverage (0.932) (0.956) (0.952) (0.930) (0.936) (0.928) (0.936) (0.922)
SE 1.472 1.471 1.491 1.484 1.493 1.490 1.511 1.511

500 Proposed 0.318 0.054 0.086 0.046 0.215 −0.129 0.041 −0.177
CoverageC (0.960) (0.952) (0.964) (0.944) (0.952) (0.936) (0.950) (0.952)
SEC 1.041 1.033 1.055 1.046 1.056 1.049 1.073 1.063
CoverageI (0.880) (0.894) (0.894) (0.872) (0.884) (0.878) (0.884) (0.884)
SEI 0.849 0.844 0.860 0.854 0.862 0.855 0.873 0.865
Zhou et al 0.093 −0.204 −0.138 −0.107 −0.004 −0.274 −0.225 −0.325
Coverage (0.960) (0.950) (0.960) (0.942) (0.944) (0.940) (0.944) (0.944)
SE 1.042 1.037 1.057 1.053 1.055 1.055 1.074 1.069

1000 Proposed 0.290 0.051 0.061 0.079 0.170 −0.090 0.040 −0.149
CoverageC (0.950) (0.944) (0.958) (0.944) (0.958) (0.938) (0.928) (0.954)
SEC 0.733 0.727 0.744 0.738 0.746 0.741 0.759 0.752
CoverageI (0.906) (0.888) (0.900) (0.880) (0.892) (0.882) (0.876) (0.896)
SEI 0.598 0.594 0.606 0.601 0.606 0.602 0.616 0.610
Zhou et al 0.064 −0.144 −0.169 −0.072 −0.049 −0.232 −0.222 −0.295
Coverage (0.940) (0.934) (0.946) (0.946) (0.938) (0.932) (0.916) (0.938)
SE 0.735 0.731 0.747 0.743 0.747 0.745 0.761 0.757

𝛼 = 1 250 Proposed 0.360 0.071 0.163 0.183 0.167 −0.060 −0.062 −0.080
CoverageC (0.950) (0.932) (0.944) (0.936) (0.934) (0.950) (0.958) (0.944)
SEC 1.472 1.462 1.497 1.492 1.502 1.483 1.522 1.510
CoverageI (0.954) (0.928) (0.948) (0.950) (0.940) (0.948) (0.954) (0.952)
SEI 1.481 1.473 1.508 1.496 1.514 1.492 1.528 1.514
PSH 0.165 −0.060 −0.034 0.047 −0.020 −0.189 −0.256 −0.205
Coverage (0.952) (0.936) (0.946) (0.952) (0.942) (0.948) (0.956) (0.946)
SE 1.478 1.472 1.507 1.498 1.513 1.494 1.525 1.517

500 Proposed 0.288 0.052 0.153 0.119 0.190 −0.108 −0.031 −0.097
CoverageC (0.950) (0.932) (0.958) (0.954) (0.944) (0.942) (0.956) (0.948)
SEC 1.042 1.038 1.058 1.053 1.063 1.052 1.076 1.068
CoverageI (0.950) (0.934) (0.958) (0.954) (0.942) (0.946) (0.954) (0.942)
SEI 1.045 1.040 1.062 1.053 1.068 1.055 1.079 1.069
PSH 0.091 −0.077 −0.044 −0.013 0.007 −0.233 −0.219 −0.224
Coverage (0.950) (0.932) (0.964) (0.952) (0.948) (0.944) (0.946) (0.928)
SE 1.042 1.040 1.061 1.053 1.067 1.056 1.076 1.071

1000 Proposed 0.318 0.056 0.141 0.099 0.191 −0.130 0.011 −0.122
CoverageC (0.958) (0.954) (0.954) (0.938) (0.954) (0.952) (0.948) (0.942)
SEC 0.737 0.734 0.748 0.744 0.752 0.746 0.762 0.756
CoverageI (0.954) (0.952) (0.954) (0.930) (0.956) (0.954) (0.950) (0.944)
SEI 0.739 0.735 0.749 0.743 0.754 0.747 0.762 0.756
PSH 0.122 −0.073 −0.058 −0.034 0.007 −0.254 −0.175 −0.248
Coverage (0.942) (0.944) (0.938) (0.922) (0.950) (0.954) (0.942) (0.944)
SE 0.737 0.735 0.748 0.743 0.753 0.747 0.760 0.757

Note: For the proposed model, we report results from treating the data as clustered (CoverageC and SEC) and independent (CoverageI and SEI ). The proposed
model while treating the data as clustered and independent share the same estimated coefficients.
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HE et al. 5357

T A B L E 4 Sensitivity analysis for the estimated coefficients, standard error (SE) and coverage rates of the 95% confidence interval for
clustered (𝛼 = 0.5) from 500 iterations

Outcome type 1 Outcome type 2

𝜷111 𝜷112 𝜷121 𝜷122

n True value 0.3 0.05 0.2 −0.1

𝛼 = 0.5 250 Proposed 0.283 −0.014 0.115 −0.058

CoverageC (0.930) (0.950) (0.948) (0.928)

SEC 1.443 1.438 1.469 1.460

Zhou et al 0.100 −0.144 −0.068 −0.185

Coverage (0.932) (0.956) (0.936) (0.928)

SE 1.472 1.471 1.493 1.490

500 Proposed 0.280 0.076 0.180 −0.152

CoverageC (0.960) (0.946) (0.948) (0.936)

SEC 1.021 1.013 1.037 1.030

Zhou et al 0.093 −0.204 −0.004 −0.274

Coverage (0.960) (0.950) (0.944) (0.940)

SE 1.042 1.037 1.055 1.055

1000 Proposed 0.255 0.042 0.137 −0.112

CoverageC (0.940) (0.932) (0.954) (0.938)

SEC 0.713 0.707 0.730 0.725

Zhou et al 0.064 −0.144 −0.049 −0.232

Coverage (0.940) (0.934) (0.938) (0.932)

SE 0.735 0.731 0.747 0.745
Note: For the proposed model, we report results from treating the data as clustered (CoverageC and SEC).

All causes and subjects within a cluster are correlated for 𝛼 = 0.5 as previous. We generate n clusters, n = 250, 500, 1000,
and each cluster has L = 4 subjects. Two cluster-level covariates Z = (Z1,Z2)⊺ are considered, where Z1 and Z2 follow
uniforms [0.1, 0.3] and [0, 0.2], respectively. We set 𝜷11 = (0.3, 0.05)⊺ and 𝜷12 = (0.2,−0.1)⊺ for cause 1 of outcome type
1 and outcome type 2, respectively. For cause 2, we set 𝜷21 = (0.15, 0.1)⊺ and 𝜷22 = (0.05,−0.1)⊺ for outcome type 1 and
outcome type 2, respectively. Following Logan et al,13 we set 𝜸 = 𝜷∕𝛼. Event times are generated in the same man-
ner as in Table 1. We generate censoring time from the proportional hazards model with positive stable frailty with
𝜸c = (6, 4)⊺ and 𝜆0c = 0.1 for both outcome types. For clustered data (𝛼 = 0.5), the overall probabilities for cause 1, cause
2, and censoring are approximately 15%, 15%, 70%, respectively for each outcome type. For independent data (𝛼 = 1),
the overall probabilities for cause 1, cause 2, and censoring are approximately 14%, 14%, and 72% for both outcome
types. Table 3 provides the results. While the estimates of the proposed method are approximately unbiased, those from
Zhou et al are biased. The coverage rates of the propose method for clustered data get closer to 95% as the sample sizes
grow. The coverage rates for the proposed method assuming independent data are well below 95%. Under the same
data generation setting, we examine the robustness of the proposed model, where we use the PSH model for cause 1,
but the proportional odds model for cause 2. Thus, the model for cause 2 is misspecified. Table 4 shows the results
for cause 1. While the estimates of the proposed method are approximately unbiased, Zhou et al suffers from large
biases. The coverage rates of the proposed method are closer to 95% compared with those of Zhou et al. Last, under
the same setting with 𝛼 = 0.5 for Table 4, we estimate F1(t|Z1 = 0.2,Z2 = 0.1) and F2(t|Z1 = 0.2,Z2 = 0.1) at two time
points. We choose 0.125 and 0.25 quantiles of all event times as the two time points t1 and t2, respectively, based on an
MC simulation study with 105 replicates. Table 5 summarizes the bias. Although the model for cause 2 is misspecified,
the estimates of the cumulative incidence for both cases are approximately unbiased for the proposed method, which
shows the robustness of the proposed method. However, Zhou et al results in larger biases compared with the proposed
method.
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5358 HE et al.

T A B L E 5 Bias for marginal cumulative incidence rates at two time points with 𝛼 = 0.5 with 500 iterations

Cause 1 Cause 2

F1(t1|z) F1(t2|z) F2(t1|z) F2(t2|z)

n Proposed Zhou et al Proposed Zhou et al Proposed Zhou et al Proposed Zhou et al

250 0.007 −0.014 0.008 −0.027 0.007 0.006 0.008 −0.015

500 0.003 0.016 0.003 0.028 0.002 −0.010 0.003 −0.020

1000 0.001 −0.016 0.001 −0.028 0.001 −0.011 0.001 −0.022

T A B L E 6 Patient characteristics of Ballen et al3 data

UCB 8/8 MUD 7/8 MMUD

Conditioning
regimen

MA 175 189 62

NMA/RIC 340 573 186

Year of
transplant

2008-2009 250 524 185

2010-2011 265 238 63

Disease AML 355 613 199

ALL 160 149 49

ATG No 404 500 120

Yes 111 262 128

Total 515 762 248

4 DATA ANALYSIS

To illustrate the proposed method, we apply the proposed method to the dataset from Ballen et al3 to jointly analyze two
infection outcome types: bacterial and fungal infections. Ballen et al3 explores the effect of alternative graft sources among
patients without a matched sibling donor to received potentially curative HCT. The analysis for our application includes
1525 acute myeloid leukemia (AML) or acute lymphoid leukemia (ALL) patients ≥16 years old in the first or second
complete remission without missing bacterial or fungal infection status. All patients received a transplant with a single
or double unrelated umbilical cord blood (UCB) transplantation, a matched unrelated donor (MUD), or a single anti-
gen/allele mismatched unrelated donor (MMUD) between 2008 and 2011. The study includes patients who received either
myeloablative (MA) or non-myeloablative/reduced intensity conditioning (NMA/RIC) regimens. We consider 5 variables:
donor source, conditioning regimen intensity, year of transplant, disease type, and antithymocyte globulin (ATG) use (yes
vs no). The detailed frequencies of the covariates are provided in Table 6. There were 1289 patients with an bacterial infec-
tion and 437 patients with a fungal infection. Three hundred and eighty three patients experienced both infections. There
were 906 deaths, where 106 deaths were without a bacterial infection, 593 deaths were without a fungal infection, and
73 deaths were without any infections. One of the primary objectives of Ballan et al3 is to compare the incidences of bac-
terial and fungal infections after HCT among different donor types. They concluded that bacterial and fungal infections
are more common among patients who received UCB or MMUD than MUD, and bacterial infections are more common
among patients who received UCB than MMUD. The dataset includes patients from 149 transplant centers with signif-
icant transplant center effects for bacterial (P-value = 0.0005) and fungal (P-value < 0.0001) infections according to the
score test of homogeneity.22 The original study fitted the proportional cause-specific hazards model and did not consider
the cluster effects in their analysis. We use the marginal proportional hazard model23 to examine if the censoring distribu-
tion depends on covariates. For both outcome types, the censoring distribution depends on some covariates. Specifically,
the censoring distribution depends on donor source and year of transplant for bacterial infection outcome type, and on
donor source, conditioning regimen, and year of transplant for fungal infection outcome type at a significance level 0.05.

We analyze the data using the proposed methods under the proportional subdistribution hazards model for both infec-
tion types and death without infections. As a comparison, we also include the analysis results from the proposed method
treating data as independent data and the PSH model of Zhou et al.8 The proposed model simultaneously evaluates
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HE et al. 5359

T A B L E 7 Results from multivariate semiparametric transformation model with clusters: Subdistribution hazard ratio (SHR) of
bacterial and fungal infections

Bacterial infection Fungal infection

Variable SHR (95% CI) P-value SHR (95% CI) P-value
ProposedC Donor source 0.004* 0.096*

UCB 1 1

MMUD 0.815 (0.665-0.998) 0.048 0.858 (0.579-1.273) 0.448

MUD 0.777 (0.669-0.902) 0.001 0.744 (0.560-0.988) 0.041

Conditioning regimen

MA 1 1

NMA/RIC 1.392 (1.227-1.579) <0.001 0.967 (0.807-1.159) 0.719

Year of transplant

2008-2009 1 1

2010-2011 0.893 (0.787-1.012) 0.077 0.977 (0.799-1.193) 0.816

Disease

AML 1 1

ALL 1.054 (0.901-1.233) 0.514 1.038 (0.838-1.286) 0.732

ATG, yes 0.849 (0.746-0.967) 0.014 1.052 (0.843-1.313) 0.656

ProposedI Donor source <0.001* 0.022*

UCB 1 1

MMUD 0.815 (0.683-0.972) 0.023 0.858 (0.642-1.148) 0.303

MUD 0.777 (0.683-0.883) <0.001 0.744 (0.603-0.919) 0.006

Conditioning regimen

MA 1 1

NMA/RIC 1.392 (1.224-1.584) <0.001 0.967 (0.783-1.195) 0.758

Year of transplant

2008-2009 1 1

2010-2011 0.893 (0.794-1.004) 0.058 0.977 (0.794-1.200) 0.821

Disease

AML 1 1

ALL 1.054 (0.924-1.202) 0.436 1.038 (0.838-1.286) 0.732

ATG, yes 0.849 (0.751-0.961) 0.010 1.052 (0.855-1.294) 0.634

Zhou et al8 Donor source 0.003* 0.193*

UCB 1 1

MMUD 0.803 (0.655-0.983) 0.007 0.889 (0.603-1.311) 0.552

MUD 0.768 (0.660-0.895) 0.001 0.783 (0.590-1.038) 0.090

Conditioning regimen

MA 1 1

NMA/RIC 1.395 (1.225-1.589) <0.001 1.029 (0.854-1.241) 0.761

Year of transplant

2008-2009 1 1

2010-2011 0.913 (0.804-1.037) 0.162 0.946 (0.775-1.153) 0.581

Disease

AML 1 1

ALL 1.037 (0.880-1.221) 0.666 1.040 (0.824-1.312) 0.741

ATG, yes 0.846 (0.744-0.961) 0.010 1.028 (0.829-1.274) 0.802
*Overall P-values.
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T A B L E 8 Results from multivariate semiparametric transformation model with clusters: Subdistribution hazard ratio of death without
an infection for each outcome type

Death without bacterial infection Death without fungal infection

Variable SHR (95% CI) P-value SHR (95% CI) P-value

ProposedC Donor source 0.109* 0.002*

UCB 1 1

MMUD 2.365 (1.047-5.339) 0.038 0.907 (0.609-1.349) 0.629

MUD 1.346 (0.742-2.443) 0.328 0.645 (0.488-0.851) 0.002

Conditioning regimen

MA 1 1

NMA/RIC 0.415 (0.228-0.756) 0.004 1.023 (0.821-1.275) 0.838

Year of transplant

2008-2009 1 1

2010-2011 1.147 (0.687-1.916) 0.600 0.957 (0.780-1.173) 0.670

Disease

AML 1 1

ALL 1.267 (0.684-2.349) 0.452 1.020 (0.793-1.311) 0.877

ATG, yes 1.068 (0.558-2.046) 0.842 0.781 (0.590-1.035) 0.086

ProposedI Donor source 0.101* 0.001*

UCB 1 1

MMUD 2.365 (1.068-5.237) 0.034 0.907 (0.655-1.255) 0.555

MUD 1.346 (0.708-2.560) 0.364 0.645 (0.505-0.823) <0.001

Conditioning regimen

MA 1 1

NMA/RIC 0.415 (0.233-0.740) 0.003 1.023 (0.802-1.305) 0.854

Year of transplant

2008-2009 1 1

2010-2011 1.147 (0.668-1.971) 0.619 0.957 (0.760-1.204) 0.705

Disease

AML 1 1

ALL 1.267 (0.692-2.320) 0.443 1.020 (0.797-1.306) 0.875

ATG, yes 1.068 (0.591-1.930) 0.827 0.781 (0.609-1.002) 0.052

Zhou et al8 Donor source 0.317* 0.005*

UCB 1 1

MMUD 1.699 (0.727-3.969) 0.221 0.931 (0.617-1.404) 0.733

MUD 1.040 (0.531-2.037) 0.909 0.665 (0.496-0.891) 0.006

Conditioning regimen

MA 1 1

NMA/RIC 0.572 (0.303-1.081) 0.086 1.093 (0.858-1.393) 0.471

Year of transplant

2008-2009 1 1

2010-2011 1.188 (0.676-2.088) 0.549 0.958 (0.779-1.178) 0.682

Disease

AML 1 1

ALL 1.458 (0.706-3.009) 0.308 1.022 (0.773-1.352) 0.877

ATG, yes 1.153 (0.607-2.189) 0.664 0.747 (0.559-0.998) 0.048
*Overall P-values.
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covariate effects on not only bacterial and fungal infections, but also on their competing risks (death without bacterial
infection and death without fungal infection). We report the analysis results for two infections in Table 7 and those for
death without each of the two infections in Table 8. Despite of covariate-dependent censoring, the parameter estimates
and P-values of the proposed method for clustered data (ProposedC) and Zhou et al8 are similar. This is likely due to rela-
tively small magnitude of parameter estimates for the censoring distribution. Thus, they make little impact on difference
in estimates between the proposed method and Zhou et al.8 The 95% confidence intervals of the proposed method treat-
ing the data as independent data (ProposedI) are slightly narrower than those of the proposed method treating the data
as clustered data (ProposedC). As a result, while the overall P-value for donor type of ProposedI for fungal infection is less
than 0.05 (P-value = 0.022), that of ProposedC is greater than 0.05 (P-value = 0.096).

This reanalysis takes into account the significant cluster effects that were ignored in the original analysis. Moreover,
the multivariate analysis also allows us to compare covariate effects across the two infections. For example, the P-value
from comparing UCB and MMUD for bacterial infection is 0.048. Although it is less than 0.05, it could be a false pos-
itive given that we have conducted multiple comparisons. Let 𝛽mmud,bac and 𝛽mmud,fun be the parameters for MMUD of
bacterial infection and fungal infection, respectively. We investigate whether (𝛽mmud,bac, 𝛽mmud,fun)⊺ = (0, 0)⊺ and obtain
P-value= 0.135. This suggests the finding on MMUD when compared with UCB in bacterial infection could be a false
alarm. The multivariate outcome model reveals the covariate effects on the CIF of death without bacterial/fungal infec-
tion as in Table 8. In contrast with the analysis results for infections in Table 7, the impact of donor source on the CIF
of death without infections is quite different between death without bacterial infection and death without fungal infec-
tion. In addition, the direction of the subdistribution hazards ratios for conditioning regimen intensity in the bacterial
infection in Table 7 (1.392) and in death without bacterial infection in Table 8 (0.415) is opposite. Thus, compared with
patients who received MAC, those who received NMA/RIC are less likely to suffer from deaths prior to bacterial infec-
tion, but more likely to experience bacterial infection. Higher death rates for those receiving MAC are somewhat expected
given that MAC is more toxic and difficult to tolerate than NMA/RIC.24 On the other hand, MAC and NMA/RIC make
little impact on experiencing fungal infection and death without fungal infection.

5 DISCUSSION

In contrast with the widely used Zhou et al,8 the proposed semiparametric transformation model does not rely on the
correct specification of the censoring distribution and allows for comparison of covariate effects across multivariate out-
comes. In addition, it is more flexible than Zhou et al8 due to using transformation of cumulative subdistribution hazards.
In HCT studies, infections prior to death are clinically well studied, but death without infections is largely ignored in the
analysis.3,25 We have evaluated covariates effects on the CIF of both infections prior to death and death without infec-
tions by fitting the multivariate model. It has revealed the benefit of using MAC over NMA/RIC for bacterial infection,
but using MAC may lead to more deaths without bacterial infection due to its toxicity. The proposed marginal model has
been developed under the independence working assumption to handle clusters and multiple outcome types. Thus, it is
robust in that misspecified models in one outcome type do not affect the covariate effects of the other outcome types.

Bellach et al15 proposed another semiparametric transformation model for independent competing risks data. In con-
trast with Mao and Lin,14 their model fits each cause in a separate model. Thus, a joint inference across all causes is
infeasible. Like Zhou et al,8 their model requires estimating the censoring distribution, and their asymptotics is limited to
covariate-independent censoring. Nonetheless, because they fit each cause separately, misspecified models for one cause
do not affect the inference on the other causes. On the other hand, misspecified models for some causes may yield incor-
rect inference on all causes in the proposed method and Mao and Lin14 although the limited simulation studies of Mao and
Lin14 and Section 3 showed robustness against model misspecification. Therefore, extending Bellach et al15 to clustered
competing risks data and covariate-dependent censoring would be an interesting research problem in the future, where
covariate-dependent censoring can be modeled using the marginal proportional hazards model.23 Robustness against
misspecified models for censoring also needs to be investigated.

The proposed method estimates the marginal effects on the CIF. Developing methods with random effects to evaluate
conditional effects on the CIF for multivariate competing risks data would be worthy of investigation. In this case, one
could consider two types of random effects: random effects to account for clusters and correlation among multivariate
outcomes. Compared with marginal models, random effects models may better reveal the correlation structure within a
cluster or between outcomes. When data have multiple types of clusters such as both matched pairs and transplant centers,
multiple random effects can be included in the model. This would add more flexibility compared with the marginal model.
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The proposed model includes the PSH model and the proportional odds model as a special case. However, choosing
an appropriate transformation could be challenging in practice. In this case, one can treat 𝜂 from the following Box-Cox
transformation or the logarithmic transformation as an additional covariate:

(1 + x)𝜂 − 1
𝜂

or 1
𝜂

log(1 + 𝜂x), 𝜂 ≥ 0.

However, this makes the interpretation of parameter estimates difficult depending on the estimate for 𝜂 because of its
nontrivial transformation. Nonetheless, it may result in a more accurate CIF prediction compared with when using PSH
model or the proportional odds model.

Although this article studied the semiparametric transformation model for the subdistribution hazards model, one
can develop a semiparametric transformation model for the cause-specific hazards model. More specifically, consider the
following cause-specific hazard function:

Λ∗kh(t|Zijh) = Gkh

{

∫

t

0
exp(𝜷T

∗khZijh)dΛ∗kh(u)
}

,

where 𝜷∗kh = (𝛽∗∗kh1, … , 𝛽∗khp)T is a parameter vector, Gkh is a known increasing function, and Λ∗kh(t) is an arbitrary
increasing function. Then, the pseudo-likelihood function for clustered multivariate competing risks data is

n∏

i=1

ni∏

j=1

H∏

h=1

{ K∏

k=1
Λ′∗kh(Xijh|Zijh)I(Δijh=k)

}

exp

{

−
K∑

i=1
Λ∗kh(Xijh|Zijh)

}

.

Studying this model would be a worthy future project. When selecting a competing risk model for data analysis, one
can compare the likelihood value of the semiparametric transformation models for the subdistribution hazards and the
cause-specific hazards functions and select a model with a higher likelihood. However, in practice, we recommend choos-
ing a model depending on what effects (ie, the cause-specific effects or direct effects on CIF) investigators are interested
in studying.
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APPENDIX

To prove Theorem 2, let BV1 be the space of functions on [0, 𝜏] that are uniformly bounded by 1 and with total variation
bounded by 1. Define V = {v ∈ Rp ∶ ||v|| ≤ 1} and W = BV⊗KH

1 , which is a KH product space of BV1. Let v ∈ V and
w = (m11, … ,mKH) ∈ W . The score operator for Λkh for mkh ∈ BV1 is

i2kh{𝜷,𝚲}[mkh] =
∫

𝜏

0

[

H′
kh

{

∫

t

0
e𝜷

⊺
khZ(s)dΛkh(s)

}

∫

t

0
e𝜷

⊺
khZ(s)mkh(s)dΛkh(s) +mkh(t)

]

dNkh(t)

−
∫

𝜏

0

{

̃Ψkh(t;Z, 𝜷,𝚲)
∫

t

0
mkh(s)e𝜷

⊺
khZ(s)dΛkh(s)

}

dN0(t),

where ̃Ψkh(t;Z, 𝜷,𝚲) = S−1(t;Z, 𝜷,𝚲) exp
[

Hkh

{

∫
t

0 e𝜷
⊺
khZ(s)dΛkh(s)

}]

. And the score functions for 𝜷 is i1 = (i⊺111, … , i⊺1KH)
⊺,

where

i1kh(𝜷,𝚲) =
∫

𝜏

0

[

H′
kh

{

∫

t

0
e𝜷

⊺
khZ(s)dΛkh(s)

}

∫

t

0
Z(s)e𝜷

⊺
khZ(s)dΛkh(s)

]

dNkh(t) +
∫

𝜏

0
Z(t)dNkh(t)

−
∫

𝜏

0

{

̃Ψkh(t;Z, 𝜷,𝚲)
∫

t

0
Z(s)e𝜷

⊺
khZ(s)dΛkh(s)

}

dN0(t).
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For a sufficiently small 𝛿 > 0, consider the following class of functions

 =
{

ii(𝜷,𝚲), i2kh(𝜷,𝚲)[mkh] ∶ ||𝜷 − 𝜷0|| + sup
t∈[0,𝜏]

K∑

k=1

H∑

h=1
|𝚲kh(t) − 𝚲kh0(t)| < 𝛿,

mkh ∈ BV1, k = 1, … ,K, h = 1, … ,H
}

.

Let Pn denote the empirical measure, P the underlying probability measure, and Gn =
√

n(Pn − P) the empirical process.
Because L is fixed, by a similar argument to the proof of Theorem 3 of Spiekerman and Lin26 using the uniform metric, we
can show Gn indexed by  is asymptotically Gaussian. By the consistency of (̂𝜷, ̂𝚲), the continuity of the score functions
in the parameters, and the dominated convergence theorem,

Gn

{

v⊺i1(̂𝜷, ̂𝚲) +
K∑

k=1

H∑

h=1
i2kh(̂𝜷, ̂𝚲)[mkh]

}

= Gn

{

v⊺i1(𝜷0,𝚲0) +
K∑

k=1

H∑

h=1
i2kh(𝜷0,𝚲0)[mkh]

}

+ op(1) (A1)

uniformly in (v,w). Furthermore, by Mao and Lin,14 we have

√
n

{

v⊺(̂𝜷 − 𝜷0) +
K∑

k=1

H∑

h=1
∫

𝜏

0
mkhd(̂𝚲kh − 𝚲kh0)

}

= −Gn

{

ṽ⊺i1(𝜷0,𝚲0) +
K∑

k=1

H∑

h=1
i2kh(𝜷0,𝚲)[m̃kh]

}

+ op(1),

uniformly in (v,w) for some ṽ and m̃kh. A detailed expression for ṽ and m̃kh can be found in Mao and Lin.14 Therefore,
√

n(̂𝜷 − 𝜷0,
̂𝚲 − 𝚲0) is asymptotically Gaussian.
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